a b s t r a c t A strain energy approach (SEA) is developed to compute the general stress intensity factors (SIFs) for isotropic homogeneous and bi-material plates containing cracks and notches subject to mode I, II and III loading conditions. The approach is based on the strain energy of a control volume around the notch tip, which may be computed by using commercial finite element packages. The formulae are simple and easy to implement. Various numerical examples are presented and compared to corresponding published results or results that are computed using different numerical methods to demonstrate the accuracy of the SEA. Many of those results are new, especially for the cases of bi-material notches where the problem is quite complicated.
Introduction
The importance of studying stress intensities caused by the presence of sharp corners/notches has led to much research devoted to the analysis of sharp notches. The presence of sharp notches causes stress intensities around the notch tip. This area is vulnerable to a crack initiation that may lead to structural failure or shortening of the service life of a structure. Most of the research in literature is for isotropic homogeneous cases. Very little is done for bi-material notch problems, due to its complexity.
It is well known that, in linear elastic fracture mechanics, the stresses at a notch tip become infinite (singular) (Williams, 1952 (Williams, , 1957 . Based on experimental findings by Seweryn (1994) , it was demonstrated that simple failure criteria based on the notch SIFs exist. Therefore, some researchers tried to establish a failure criterion for notch problems, such as Knésl (1991) , Gómez and Elices (2003) and Carpinteri et al. (2008) . Other researchers developed different methods and procedures to compute the notch SIFs such as the boundary collocation method (Gross and Mendelson, 1972) , the boundary element singularity subtraction technique (Portela et al., 1991) , singular finite elements (Lin and Tong, 1980) and finite element post-processing approaches (Babuška and Miller, 1984) . Semi-analytical methods are also developed to compute the SIFs of a notch such as the hybrid crack element (HCE) (Tong et al., 1973) , the scaled boundary finite element method (SBFEM) (Wolf, 2003) , and the fractal-like finite element method (FFEM) (Leung and Su, 1994; Treifi et al., 2008 Treifi et al., , 2009a Treifi et al., ,b, 2007 Treifi and Oyadiji, 2009 ).
Those methods are capable of computing not only the SIFs but also the higher order terms of the notch tip asymptotic field.
Most of the work mentioned above dealt only with homogeneous crack/notch problems. For bi-material problems, published results are available mainly for interfacial crack problems. For bimaterial notches, published SIFs are rare, because the problem is quite complicated. For interface crack cases, Williams (1959) investigated configurations of dissimilar materials containing interface cracks. Lin and Mar (1976) developed a hybrid crack element. Lee and Choi (1988) used a boundary element method which employed the multi-region technique and the double-point concept. Yau and Wang (1984) developed a procedure based on the evaluation of conservation integrals. Matsumto et al. (2000) used an approach based on the interaction energy release rates to compute the SIFs of interface cracks. Researchers who dealt with bimaterial notch problems are few, and their research work was more about studying the stress and displacement fields and the behaviour of the singular eigenvalues. Early work was carried out by Bogy (1968 Bogy ( , 1970 and Bogy and Wang (1971) . Carpenter and Byers (1987) used a reciprocal work contour integral method. Tan and Meguid (1997) developed a singular finite element formulated using expressions of the singular stress and displacement fields of a bi-material notch. Chen and Sze (2001) developed a hybrid finite element formulated using numerically obtained asymptotic stress and displacement fields. Carpinteri et al. (2006) presented an approximate analytical model based on the theory of multi-layered beams to compute mode I SIFs for a general notch perpendicular to a bi-material interface. Paggi and Carpinteri (2008) presented a comprehensive review of interface mechanical problems leading to stress singularities.
In this paper, we present a strain energy based approach to compute the SIF values for homogeneous and bi-material notch problems subject to mode I, II and III loading conditions. The approach is based on the work of Lazzarin and Zambardi (2001) , Lazzarin and Berto (2005) , Lazzarin and Filippi (2006) , Lazzarin and Zappalorto (2008) , Lazzarin et al. (2010) , Berto and Lazzarin (2007) , Radaj et al. (2009) , Zappalorto and Lazzarin (2011) and Zappalorto et al. (2008) who developed the idea of using averaged strain energy over a control volume around a notch tip to compute the SIFs for sharp and rounded notches. They dealt mainly with homogeneous pure mode I, II or III cases. For mixed mode I and II cases, they usually neglected the effect of mode II SIF (Lazzarin and Zambardi, 2001) where they used examples with non-singular mode II stress components, but in a recent publication (Lazzarin et al., 2010) they suggested using two concentric volumes to compute mode I and II notch SIFs. However, this approach does not always work as will be discussed later. In the current work, we simply partition the control volume and the integral accordingly to compute mode I and II SIFs for homogeneous mixed-mode and bi-material notch problems. This new strategy is operationally very simple to implement. It involves simple mathematical operations that can be carried out numerically. The strain energy for the control volume could be computed by using commercial finite element packages. In most of these packages, it is not possible to compute notch SIFs, but the SEA empowers analysts to compute notch SIFs. The accuracy of the approach is tested via many examples of isotropic homogeneous and bi-material notches under different loading conditions. The results are compared to available published results and results computed numerically using different numerical methods; the agreement is very good. Also, new results are presented.
Strain energy approach
The strain energy of a finite volume around a notch-tip can be written as (Bower, 2010) The strains can be written in terms of the stresses by using Hooke's law 
where r zz ¼ 0 under plane-stress and r zz ¼ mðr xx þ r yy Þ under plane-strain. The stress expressions for a general homogeneous notch as seen in Fig. 1 are (Williams, 1952; Portela et al., 1991) r xx ¼ k where k I and k II are eigenvalues and are computed using the following characteristic equations
A 1 and A 2 are constants related to the mode I and mode II SIFs
Eqs. (7)- (9) are eigenfunction series expansions (the R symbol is dropped for simplicity). In the SEA, only the singular terms are considered. The stress expressions in Eqs. (7)- (9) can be rewritten for simplicity as
Under plane-stress, substituting the above equations into Eq. (6) gives
By substituting Eq. (17) into Eq. (1), the strain energy for a finite volume of a radius R c around a notch tip is
Substituting Eqs. (12) and (13) 
It should be noted that the coefficients M, N and Q have different dimensional units. Sih (1974) reported a similar expression relating the strain energy density to the crack SIFs when he introduced a strain energy density factor as a fracture parameter for crack problems. 
Due to the symmetry, the following relations hold
After some simple algebraic manipulations, the mode I and II SIFs can be computed using the following equations
Obviously, Eqs. (23) and (24) would give more than one set of answers. Usually it is easy to determine the correct set. However, for less experienced analysts, the ratio of the relative displacements of the notch faces could be used to determine the right set of answers. For a crack problem, the following equation holds . Because D x and D y are computed numerically using finite element analysis, Eq. (25) is better considered as an approximation rather than an equality. The displacements of two nodes facing each other on the notch faces such as the nodes 1 and 2 as shown in Fig. 2 could be used. It is advisable to consider nodes that are reasonably far from the notch tip. Lazzarin et al. (2010) suggested using two concentric circles with different radii to deal with mixed mode cases, but their suggestion cannot be used for the special case of a notch with an opening angle of zero, i.e. a crack. For the out-of-plane problem, the strain energy density is
The stress expressions for a general homogeneous notch under mode III loading conditions are
; n ¼ 1; 2; 3; . . . and B is a constant. For detailed derivations, one may refer to Seweryn and Molski (1996) . Eqs. (27) and (28) are eigenfunction series expansions (the R symbol is dropped for simplicity). In the SEA, only the singular term is considered, i.e. n ¼ 1. The constant B associated with the singular eigenvalue is related to the mode III SIF
By substituting Eqs. (27)- (29) into Eqs. (26) and (1), and after some algebraic manipulations, the strain energy of a finite volume under mode III conditions can be written as
This equation is in agreement with an expression presented by Lazzarin and Zappalorto (2008) relating the strain energy density to the mode III SIF. Eq. (30) represents a simple analytical formula that links the mode III SIF to the strain energy of a finite volume around and a notch tip.
Bi-material notch
2.2.1. Relationships between stress intensity factors and strain energy of a finite volume around a notch tip under in-plane loading conditions (mode I, II and mixed mode)
For the in-plane bi-material problem, the expression for the strain energy density is
where j refers to the material. Under plane-stress conditions r zz ¼ 0, and under plane-strain conditions r zz ¼ mðr xx þ r yy Þ.
The stress expressions for a general bi-material notch as seen in Fig. 3 are (Carpenter and Byers, 1987) 
Fig . 3 . Bi-material notch geometry.
and j j ¼ 3 À 4m j for plane-strain and j j ¼ 3 À 4m j =ð1 þ m j Þ for planestress. k is an eigenvalue and can be determined numerically using Muller's method from the following equation 
Eq. (38) gives either one singular complex singular eigenvalue where realðkÞ < 1 or two singular real eigenvalues k I < 1 and k II < 1 (in some cases only one real eigenvalue exists). An alternative matrix formulation of the stress field around a notch tip could be used as presented by Paggi and Carpinteri (2008) . For a complex eigenvalue, the complex SIF for a bi-material notch can be computed using one of the following equations
Eqs. (32) and (37) are eigenfunction series expansions (the R symbol is dropped for simplicity). In the SEA, only the singular terms are considered. The stress expressions in Eqs. (32)- (37) can be rewritten for simplicity as
Under plane-stress, substituting the above equations into Eq. (31) gives
The strain energy for a finite volume of a radius R c around a notch tip is obtained by substituting the above equation into Eq. (1),
The integration over h is from Àa 2 to 0 for j ¼ 2 (material 2) and from 0 to a 1 for j ¼ 1 (material 1).
Equation (45) gives one equation per material in terms of two unknowns which are the real and imaginary parts of A 1 (or K c ). For brevity and simplicity Eq. (45) can be rewritten as
Eq. (46) could be simplified further, because N j ¼ M j and Q j is a real number, as
for material 1, and
for material 2, where A 1 ¼ a þ ib. The bi-material SIFs can be computed using Eqs. (47) and (48) after computing the strain energy in material 1 and material 2 within a finite region around the notch tip of radius R c . For real eigenvalues k I and k II , the stress expressions are 2r
, and to avoid division by zero, p k1 and p k2 can be computed using the expressions stated in Table 1 where
To determine p k1 and p k2 from Table 1 , it should be noted that the first step is to determine the largest absolute value of the q kij 's, this is jq kij j. The corresponding expressions for p k1 and p k2 are obtained from the row containing this largest absolute value of q kij . The SIFs expressions are under tension loading conditions.
The stress expressions in Eqs. (49)- (54) 
Assuming plane-stress state, substituting the above equations into Eq. (31) gives
by substituting the above equation into Eq. (1), the strain energy for a finite volume of a radius R c around a bi-material notch tip with real singular eigenvalues is obtained
The integration over h is from Àa 2 to 0 for j ¼ 2 (material 2) and from 0 to a 1 for j ¼ 1 (material 1). Computing the strain energy for each region using a commercial FE package, and substituting it back into Eq. (60) gives 
Eq. (62) represents two quadratic equations with two unknowns, K I and K II , which can be solved easily using a programming software such as the MATLAB program.
Relationships between stress intensity factors and strain energy of a finite volume around a notch tip under out-of-plane loading conditions (mode III)
For the out-of-plane bi-material problem, the strain energy density in cylindrical-polar coordinates is
The stress expressions for a general bi-material notch under mode III loading conditions are
for material 1 and
for material 2, where k III is an eigenvalue that can be computed
and B is a constant. Eqs. (64) and (67) are eigenfunction series expansions (the R symbol is dropped for simplicity). In the SEA, only the singular term is considered. The constant B associated with the singular eigenvalue is related to the mode III SIF
For detailed derivations, one may refer to Qian and Hasebe (1997) . By substituting Eqs. (64)- (67) into Eqs. (63) and (1), and after some algebraic manipulations, the strain energy of a finite volume under mode III conditions can be written as
where I is an integral and its value is
Eq. (70) represents a simple analytical formula that can be used to determine mode III SIF values of bi-material notches after computing the strain energy of a finite volume of radius R c around and a notch tip using available commercial FE packages. 
Numerical examples and verification
The proposed approach is verified by means of comparison with available published results and numerical results computed using the ABAQUS FEA commercial software and/or the software developed by the authors using FFEM. The numerical examples are presented in sub-groups corresponding to the sub-sections in Section 2 starting with isotropic homogeneous and then bi-material examples. Some discussion on the choice of R c is also presented for each case. In all the examples the strain energy values for a finite volume around the notch tip are predicted using ABAQUS version 6.8. In the FEA, it is well known that the mesh of a body has an effect on the results, and that good meshes should be used for the analysis. Here, too, a good mesh should be used to achieve accurate results. By 'good mesh' we mean that large and small elements should not be adjacent, but there should be a transitional change in size.
Isotropic homogeneous notch

Mode I, II and mixed mode
The effect of the radius R c on the accuracy of the SEA to predict SIF values for isotropic notch cases subject to in-plane loading conditions is demonstrated through different examples. For all the examples the global mesh used is more or less the same, but the local mesh around the notch tip is different. For example, different numbers of finite elements are used to discretise the small region around the notch/crack tip.A notched plate with a notch opening angle of c ¼ 60 under pure mode I loading conditions shown in Fig. 4(a) is considered first. The plate is of height H ¼ 20 and width W ¼ 10. The notch length is a where a=w ¼ 0:4. Quadrilateral elements (which are designated as CPS8 in the ABAQUS FEA software) are used to model the plate as shown in Fig. 4(b) . The small region around the notch tip is meshed layer by layer with a similarity ratio q ¼ 0:6 as illustrated in Fig. 4(c) . The radius of the first layer is 
6. This is an arbitrary choice to provide transitional change in the size of the finite elements used to model the plate. R 0 has no significance other than to indicate the relative size of the mesh used around the notch tip with respect to the mesh size in the domain far from the notch tip. Initially, six layers are used within R 0 . The mode I SIF values are computed based on the energy values for control volumes of sizes ranging from 1 layer to 6 layers (that is, the control radius is R c = 0.046656-0.6). The same is repeated for 9 (R c = 0.0100777-0.6), 16 (R c = 0.000282168-0.6) and 20 (R c = 0.0000365376-0.6) layers. The value of R 0 is not changed. Only the number of layers within R 0 and the radius of the control volume R c are changed. The results are plotted in Fig. 5 . The graph shows clearly that convergence is achieved with increasing number of layers within R 0 ; that is, using smaller sizes of the control volume R c allowed by finer meshes within R 0 . Gross and Mendelson (1972) and K I ¼ 2:222 by Portela et al. (1991) . In this example, accurate results are achieved when computing the strain energy value for values of R c between 0:000101566 and 0:046656. In other words, the strain energy is computed for a control volume of size ranging from 3 to 15 layers out of the 20 layers that are used to model the region around the notch tip. Fig. 5 also shows that the size of the control volume R c has an important role and results are less dependent on the mesh within R c . In this figure, the different curves mean that different meshes (number of layers within R c ) are used for each value of R c . Considering a value of R c ¼ 0:046656 in Fig. 5 , its projection on the green dashed curve shows that only To compute the strain energy the plate is meshed using quadrilateral elements (CPS8) in ABAQUS as shown in Fig. 6(b) . Like the previous example, the SIFs values are computed using the strain energy of different volumes around the crack tip. Coarse and fine meshes are used within R 0 ¼ 0:6. The results are plotted in Fig. 7 . It is clear again that better convergence is achieved by using finer meshes within R 0 , i.e. smaller sizes of the control volume R c < 0:1. This observation is in line with the general accepted size of the region governed by the singular terms around a crack tip, which is about a=10. The scaled SIFs predicted using the strain energy for a control volume of radius R c ¼ 0:00047019 (6 layers) when using 20 layers within R 0 ¼ 0:6 (fine mesh) are K I ¼ 0:651 and K II ¼ 0:641. The SIFs values for this problem computed using the ABAQUS package are K I ¼ 0:655 and K II ¼ 0:640. In ABAQUS, quarter-point elements are used around the crack tip, and the plate mesh is the same as in Fig. 6(b) . By using the fractal-like finite element method (FFEM), a method extended by the current authors to compute the notch SIFs, the SIFs values for this problem are K I ¼ 0:650 and K II ¼ 0:636. In FFEM, the plate is meshed using six-node triangular elements as shown in Fig. 8 . Now, a plate similar to the last example containing an inclined centre notch as shown in Fig. 9(a) is analysed. The notch opening angle is c ¼ 45 and its length is 2a ¼ 2. The plate dimensions are H ¼ 2W ¼ 10. The plate is meshed using CPS8 elements in ABAQUS as shown in Fig. 9(b) . The SIFs values computed based on the strain energy values for different enclosed volumes around The difference between the current results and those reported by Lazzarin et al. (2010) could be attributed to using different sizes of control volumes compared to the ones used in this paper.
Using the FFEM (Treifi et al., 2009a) , the SIFs values for this example are K I ¼ 0:646; K II ¼ 0:912. In the FFEM, the plate is meshed as shown in Fig. 11 using six-node triangle elements. In the singular region, twenty layers of elements are used. The SIFs values predicted using the strain energy approach as described in Section 2.1.1 and the FFEM are in very good agreement. This proves that the current results are correct.
The approach based on two concentric circles is not always applicable, as the current authors did a test using two circles to compute the mixed mode SIFs for the previous crack example. The results obtained were totally unrealistic. This is due to the fact that the two concentric circles approach leads to an indeterminate system of equations in the case of a crack problem, i.e. a notch with a zero opening angle. However, the approach presented in this paper does not have this limitation. Therefore, the current procedure is a more general approach to compute mixed mode SIFs of a general notch including the special case of a crack. It should also be noted that Lazzarin et al. (2010) did not mention that their approach is applicable to mixed mode crack problems explicitly.
Different examples of notched plates with different notch opening angles and different locations under tension or shear loading conditions are presented in Tables 2 and 3 . The notched plates and their FE meshes are similar to the ones shown in Fig. 12 . The results are compared to those predicted by ABAQUS for the crack cases using the same mesh and the FFEM results reported by Treifi et al. (2008 Treifi et al. ( , 2009a for crack and notch cases. The plate dimensions are H ¼ 2W ¼ 20, and the notch length is a where a=w ¼ 0:4. Fine mesh of 20 layers of elements is used within R 0 ¼ 0:6, and the strain energy used to predict the SIF values is computed for a volume of radius R c ¼ 0:000101566 (that is for 3 layers). The results are presented in Tables 2 and 3 and are in good agreement with the results predicted using the other numerical approaches. The accuracy of the SEA could be improved by computing the strain energy for different volumes and then looking at the converged regions as demonstrated in the previous examples.
Mode III
A convergence study of an edge notched plate subject to mode III loading conditions as shown in Fig. 13 is presented to demonstrate the effect of R c on the accuracy of the SEA. The plate is modelled and analysed using different meshes within the region around the notch-tip. The plate dimensions are: H ¼ 2W ¼ 20; the plate thickness t ¼ 1, the notch length is a where a=W ¼ 0:4, and the notch opening angle c ¼ 60
. Three dimensional FE elements (C3D20) are used to model the plate in ABAQUS in order to compute the strain energy, and anti-plane conditions are applied.The small region around the notch tip is meshed layer by layer with a similarity ratio q ¼ 0:6. The radius of the first layer is taken as R 0 ¼ 0:6. Initially, six layers are used within R 0 . The mode I SIF values are computed based on the energy values for control volumes of sizes ranging from 1 layer to 6 layers (that is, the control radius is R c = 0.046656-0.6). The same is repeated for 9 (R c = 0.0100777-0.6), 16 (R c = 0.000282168-0.6) and 20 (R c = 0.0000365376-0.6) layers. The value of R 0 is not changed. The mode III SIF values are plotted in Fig. 14 . For the parameters considered (NL ¼ 6; 9; 16; 20) , this figure shows clearly that convergence is achieved regardless of the mesh around the notch tip (within R 0 ) and radius of the control volume (R c Fig. 15 . The results are compared in Table 4 to those predicted by ABAQUS for the crack cases using the same mesh and the FFEM results for the crack and notch cases reported by Treifi et al. (2009b) (the values are scaled by
In the FFEM, the plate is meshed using 6-node triangular elements similar to the mesh shown in Fig. 16 . The plate dimen- Table 4 are in good agreement with the results predicted using ABAQUS for crack cases and the FFEM for crack and notch cases. The accuracy of the SEA is excellent when dealing with pure mode cases, so for those cases finer meshes are not necessary.
3.2. Bi-material notch 3.2.1. Mode I, II and mixed mode To demonstrate the effect of R c on the accuracy of SIFs values predicted using the SEA relationships presented in Section 2.2.1 for a bi-material notch, an edge cracked plate consisting of two parts as shown in Fig. 17(a) is analysed for different material property ratios. The convergence study presented in Section 3.1.1 for single material notch cases demonstrated the need for a fine mesh around the notch-tip to obtain high accuracy results for mixedmode I and II cases. Therefore, 20 layers will be used within the small region (R 0 ¼ 0:6) containing the crack tip. The plate is meshed using CPS8 elements in ABAQUS as shown in Fig. 17(b) . The cracked plate dimensions are H ¼ 3W ¼ 30, and the crack length a is given as a=W ¼ 0:4. The Poisson's ratios of both materials are taken as m 1 ¼ m 2 ¼ 0:3. The Young Modulus ratios considered are E 1 =E 2 ¼ 1; 2; 4; 10; 100. The real and imaginary parts of the complex SIF, representing Mode I and II SIFs, are computed Fig. 21 . SIFs for the bi-material cracked plate E1=E2 ¼ 10. Fig. 18 . SIFs for the bi-material cracked plate E1=E2 ¼ 1. using different values of R c ranging from R c = 0.0000365376 to 0.6 (that is, for 1 layer to 20 layers). The SIF values are plotted in gives two sets of valid roots, both sets are plotted. Corresponding SIFs values predicted by Matsumto et al. (2000) are also plotted for comparison. Those figures show that convergence is achieved for only one set of the roots for E 1 =E 2 ¼ 1; 2; 4 (small differences in material properties). However, for large differences in material properties as is the case in E 1 =E 2 ¼ 10; 100, both sets of roots converge within different regions. When one of the sets converges, the other diverges. In addition, for small material property differences E 1 =E 2 ¼ 1; 2, convergence is achieved using small R c , but for large material property differences E 1 =E 2 ¼ 10; 100 convergence is achieved using large R c . In the cases studied here, good accuracy is achieved using R c ¼ 0:000282109 (that is, the control volume containing 5 layers) for the cases of small material property differences. For the cases of large material property differences, better convergence is achieved using R c ¼ 0:0167961 (that is, the control volume containing 13 layers).
Based on the above discussion, the SIFs for an edge-crack bimaterial plate are computed for different crack lengths and different material property ratios. The cracked plate and its FE mesh are similar to those shown in Fig. 17 . The plate dimensions are the same as of the previous example. 20 layers are used within the small region (R 0 ¼ 0:6) containing the crack tip. The scaled SIF values ðK c =r ffiffiffi ffi p p a 1ÀReðkÞ ð2aÞ iImðkÞ Þ computed using the SEA are tabulated in Table 5 . Corresponding published results by Matsumto et al. (2000) and computed results using ABAQUS are also tabulated for comparison. In ABAQUS, the same mesh is used to compute the SIFs. The control volume radius is taken as R c ¼ 0:000282 (5 layers), R c ¼ 0:001306 (8 layers), R c ¼ 0:006047 (11 layers) and R c ¼ 0:016796 (13 layers) for E 1 =E 2 ¼ 1, E 1 =E 2 ¼ 2, E 1 =E 2 ¼ 4 and E 1 =E 2 ¼ 10; 100, respectively. The singular eigenvalues for a bimaterial crack of E 1 =E 2 ¼ 1; 2; 4; 10; 100 are k ¼ 0:5, k ¼ 0:5 þ i0:037306, k ¼ 0:5 þ i0:0678545, k ¼ 0:5 þ i0:0937743 and k ¼ 0:5 þ i0:113817, respectively. Table 5 shows that the SEA results are in good agreement with the numerical results computed using ABAQUS and with those reported by Matsumto et al. (2000) . computed for different material property ratios E 1 =E 2 ¼ 1; 2; 4; 10; 100. The plate is meshed using CPS8 elements in ABAQUS as shown in Fig. 23(b) to compute the strain energy. 20 layers are used within the small region (R 0 ¼ 0:6) containing the crack tip. The results are tabulated in Table 6 . The control volume radius for which the strain energy is computed is taken as R c ¼ 0:000282 (5 layers), R c ¼ 0:001306 (8 layers), R c ¼ 0:006047 (11 layers) and R c ¼ 0:016796 (13 layers) for E 1 =E 2 ¼ 1, E 1 =E 2 ¼ 2, E 1 =E 2 ¼ 4 and E 1 =E 2 ¼ 10; 100, respectively. Table 6 shows that the singular eigenvalues ðReðkÞ < 1Þ for each case are either two real eigenvalues or one complex eigenvalue. The cases of two singular real eigenvalues give two real SIFs K I and K II for mode I and II, respectively. The cases of one singular complex eigenvalue give complex SIFs
The results in Table 6 are new and there are no available published results to compare with. However, the previous validation for crack cases, which are special cases of notch problems with opening angle of c ¼ 0 , shows that the SEA gives accurate results. Therefore, the results in Table 6 are valid. It should be noted that the ABAQUS software only computes SIF values when the notch opening angle is zero, i.e. a crack, but for true notches it cannot compute the notch SIFs.
The mode III SIFs for different cases of a bi-material notched plate subject to out-of-plane shear loading conditions as shown in Fig. 24 are computed using the SEA. The plate dimensions are:
H ¼ 2W ¼ 20; the plate thickness t ¼ 1, the notch length is a where a=W ¼ 0:4. Three dimensional FE elements (C3D20) are used to model the plate in ABAQUS in a similar way to that in Fig. 15(b) in order to compute the strain energy, and anti-plane conditions are applied. The results are compared to those predicted by ABA-QUS for the crack cases and the FFEM (Treifi and Oyadiji, 2013) for the crack and notch cases. In the ABAQUS analysis for the crack cases, the same mesh as for the SEA is used. For the notch cases where ABAQUS cannot predict the notch SIFs, the results are compared to those predicted by the FFEM. In the FFEM, the plate is meshed using 6-node triangular elements similar to the mesh shown in Fig. 16 . Based on the convergence study presented for Fig. 24 . A bi-material notched plate subject to anti-plane shear loading conditions. the mode III isotropic cases, a coarse mesh of 7 layers of elements is used within R 0 ¼ 0:6, and the strain energy used to predict the SIF values is computed for a volume of radius R c ¼ 0:07776 (3 layers).
The SEA results compared to corresponding results predicted using ABAQUS and the FFEM are presented in Tables 7-10 . The results of the three different approaches are in excellent agreement.
Conclusions
In this paper, a simple approach based on the strain energy of a control volume was developed to compute the mode I, II and III SIFs for isotropic homogeneous and bi-material crack/notch problems. The approach is simple to employ numerically. It relates the SIFs to the strain energy that may be computed using commercial FE packages; thus, enabling those packages to compute notch SIFs. The accuracy of the SEA was demonstrated via many different numerical examples of homogeneous and bi-material cracked and notched plates. For pure mode conditions, a coarse mesh (and therefore a larger size of the control volume) may be used to model the region around the notch tip, but it is recommended using finer meshes (and therefore a smaller size of the control volume) when dealing with mixed mode cases. The results generated using the SEA are in very good agreement with existing published results and numerical solutions. 
